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COMPOSITE MATERIALSt

RODNEY A, BARTHOLOMEWt

Air Force Flight Dynamics Laboratory, Wright-Patterson Air Force Base, Ohio 45433

and

PETER J. TORVIK§

Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio 45433

Abstract-An approximate first order theory for elastic wave propagation in unidirectional, filamentary composite
materials is developed. Included are stress equations of motion, boundary conditions and constitutive relations.
For waves propagating parallel to the fiber orientation in an extended medium, the motion separates into three
distinct types: longitudinal, flexural and torsional. All motions are dispersive and sensitive to changes in relative
material stiffnesses and geometry. For propagation perpendicular to the fiber orientation, the motion is dispersive
and the frequency spectra show stopping bands typical of periodic media.

1. INTRODUCTION

IN ADDITION to their high strength over extended temperature ranges modern engineering
composites possess properties which are potentially important as pulse-attenuation
mechanisms. Among these, geometric dispersion, resulting from the interaction of the
stress wave with the constituents, can make a significant contribution to the total dispersive
nature of the material. The so-called "effective modulus" theories, which adequately
describe the static behavior of composites, have been shown to be inadequate for describing
the dispersive character of laminated composites [1]. As a result, much recent effort has
been directed towards the development of improved theories to describe the dynamic
response of these materials.

One of the most active of these programs has resulted in the "effective stiffness theory"
[1-9], which has been used extensively for analyzing the gross response of periodically
laminated composites. The success of these studies suggests that the same basic approach
can be used to describe the dynamic response of unidirectional filamentary composites
as well. These materials, consisting of long stiff fibers deliberately oriented in a single
direction and embedded in a softer matrix, serve as the basic building blocks of many
laminated composites.

In an early paper [3], Achenbach and Herrmann used the effective stiffness theory
approach to describe an extended filamentary composite. They found that for waves
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propagating parallel to the fiber orientation, the motion separated into three distinct
types: longitudinal, flexural and torsional. Of these, only the flexural motion was found to
be dispersive. It was noted that with inclusion of thickness stretch motion, the theory
could account for dispersion of longitudinal waves as well. For waves propagating per
pendicular to the fiber orientation, all motions were found to be nondispersive. No sub
sequent improvements or refinements of the model have appeared in the literature.

In a recent report [lOJ, a different model, using the techniques of the effective stiffness
theory, was proposed for the filamentary composite. For this theory, the longitudinal
motion was shown to be dispersive. However, no numerical results were reported pending
experimental determination of certain constants introduced in the development.

In the present paper, a more complex model is employed to describe the unidirectional
filamentary composite. The theoretical development closely parallels that of the effective
stiffness theory for laminates [6--7J and is properly characterized as an extension of that
theory to the more involved geometry of the filamentary composite. The physical model
consists of parallel fibers of rectangular cross section embedded in a matrix. It is recognized
that few actual composites have rectangular fibers. However, it has been demonstrated that
dispersion curves for bars of circular and square cross sections are nearly the same if their
cross sectional areas are approximately the same [11]. A similar relationship between
dispersion results for composites with square and circular fibers is anticipated. The energy
method adopted permits formulation of both equations of motion and boundary conditions.
For waves propagating parallel to the fibers in an extended composite material, the theory
predicts dispersion of longitudinal, flexural and torsional waves. In addition, for waves
propagating perpendicular to the fibers, the motion is also found to be dispersive.

2. THEORY

A cross sectional view of a solid body is depicted in Fig. 1. The body is divided into a
large number of bars of rectangular cross section (heavy lines) which extend completely
through the body in the direction normal to the page. Each such bar is called a basic cell of
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FIG. 1. Cross section of a solid body showing division into basic cells and elements.
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the composite. Each basic cell is, in turn, subdivided into four bars of rectangular cross
section (light lines). Each subdivision is called an element of the basic cell. Each element is
restricted to be composed of a single, homogeneous, isotropic, linearly elastic material
so that a basic cell contains at most four different materials. The pattern of anyone basic
cell is repeated for every other basic cell of the body so that corresponding elements in all
cells are necessarily composed of the same material. Figure 2 represents one possible
composite which may be so constructed-a filamentary composite.

FIG. 2. A filamentary composite.

A reference macrocoordinate system x I' X2' X3 is established and used to locate points
on the centerline of each element. Thus, (x~, X3) locates the centerline of the element in the
qth row and uth column of the assemblage of elements (referred to as the quth element).

An expanded view of the basic cell located by the macrocoordinates x~, x~, X3 and
x~ is given in Fig. 3. The dimensions of the cell are defined by H l' Hz, h l and hz . Local
coordinates [x;, x'3(r = p; q, S = u, v)] are established on the centerline of each element.
The displacement of a point within an element is then a function of the macrocoordinates
(locating a point on the centerline), the local coordinates (locating the point relative to the
centerline), and the time parameter t.

To arrive at a first order approximate theory, the displacement field within each element
is expanded in a Taylor's series about the centerline. The series is then truncated and the
first three terms of that series are retained, hence

(1)

where (u~)'s and t/J~j are functions of the macrocoordinates only. Conceptually, this ap
proximation improves as the size of the element becomes small compared to the length
characterizing the deformation.
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matrix

FIG. 3. A portion of a basic cell of a two material composite.

As in the laminate theory [6], dynamic interaction between elements is ensured by
matching displacements at the interfaces between elements. For example, at the midpoint
of the interface between the puth and quth elements

UI'Uj = ujUI .
J xJI=h, X~=-h2

x~=o x~=o

Substituting (1) into (2) results in

(uJ)qU(x l' x~ + (h 1 +hz), x3, t) - (uJ)PU(x 1, x~, X3, t)

(h1+h z)

h h -u
_ 1 .I,pu Z .I,qu X3 (.I,pu .1,qU)
- ~+h'l'Zj+~h+h 'l'Zj+h +h 'l'3j-'I'3j·

1 Z 1 Z 1 Z

(2)

(3)

Since a slowly varying displacement field has been assumed, the centerline displace
ments of all four elements are approximately the same and may be described by a single
function uJ.

In addition it may be assumed that

x~ :::::: x~ == X z

(4)

(5)

since differences in the values of the functions t/J~J and uJ between x~ and x~ and between
X3 and X3 may be neglected. The displacement functions uJ and t/JiJ may then be regarded
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(6a)(j = 1,2,3)

as continuous functions of macrocoordinates, describing the deformation in corresponding
elements of every basic cell throughout the body.

With these assumptions, (3) may be replaced by the approximate condition

auJ _ .I,pu + .I,qu--11t'l'2' 112'1'2'aX2 J J

(6c)

(6b)

where 11 1 = ht/(h l + h2 ) and 112 = 1-111' Matching displacements at the midpoints of the
other interfaces results in 9 additional conditions.

auo
_J = 111l/J~v+112l/J'iv.aX

2
J J

auJ _ ;: .J,qu +;: .J,qv
- - <"1'1'3' <"2'1'3'aX

3
J J

(6d)

where~1 = Hl/(HI+H2)and~2 = 1-~I'

Other interface relationships are obtained by matching displacements at the common
juncture of the four elements. For example, setting

(7)

results in

au~
_J _ .I,pu + .J,qu + H (.I,PU _ .1,qU)

a - 111'1'2j 112'1'2j 1 'I'3j 'I'3j'
X 2

(8)

Comparing (8) with (6a) leads directly to the relationship

l/JSj = l/J~'j

Similarly, equating uJ" and tlJv at the point of common juncture leads to

l/J~j = l/JSJ·

(9a)

(9b)

(10)

In light of (9a) and (9b) it is evident that (6c) and (6d) are equivalent.
The complete set of interface conditions is found through a similar process. The result

is a set of 18 independent conditions relating the displacement functions.

° _ .I,pu + .I,qvu j •2 - 111'1'2j 112'1'2j

UJ.3 = ~1l/JSj+~2l/J~j

l/J~'j = l/JSj

l/JSj = l/J~j

l/J'i'j = l/Jij

l/J~j = l/J~j

where UJ.2 == auJ/ax2, ~I = Ht/(H1+H2) and ~2 = 1-~I' Since a linear displacement
distribution was assumed, matching displacements at two points of every interface ensures
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that displacements match everywhere along each interface. Treating uJ and l/J~j as continuous
functions of the macrocoordinates ensures continuity of displacements within every basic
cell of the body. Finally, if differences in the value of l/JU for adjacent cells are ignored, the
interface conditions (10) ensure matching of displacements between adjacent basic cells
throughout the body. With (10), the number of independent unknown functions may be
reduced from 27 to 9. For convenience uJ, l/J~j and l/J~j were selected as the independent
set.

As in the laminate theory [6J, Hamilton's principle will be employed to derive equations
of motion and boundary conditions. Mathematically, this is expressed by

f
tl ftl

b (T-W)dt+ b~dt=O

to to

(11)

where T is the total kinetic energy, W is the total strain energy and ~ is the work of the
external forces. b indicates the first variation of the quantities indicated where variations
are properly taken on the independent displacement functions uJ and l/J~u.

Since each element of the basic cell obeys the laws of classical linear elasticity, the
strain energy per unit volume of the element is given by

(12)

where Ars and f.1.rs are the Lame constants for the material of the rs element and e~j are the
strain components for that element. The strain components are given by

e~s = lil
l urs.+ u~s.)

l} 2\ J.t l,) (13)

where ujS is given by (1). In (13), partial differentiation is properly done with respect to the
local coordinates: i.e. [a( )laxlJ means [a( )lax;J and [a( )laX3J means [a( )lax'~J [6].

The total strain energy of the rs element is obtained by integrating (12) over the volume
of the element

W7 = f fh fH w rs dx~ dx; dX 1
XI -h -H

= f W~s dX 1 (rs = pu, pv, qu, qv). (14)
Xl

The total strain energy of the basic cell is obtained by adding the strain energies of the
elements

wcen = f (wPU + wpv + w qu + W qV) dxTee eel'x,
(15)

(16)

Finally, the strain energy/unit cross sectional area is obtained by dividing (15) by the
cross sectional area of the cell.

f [WPu+ Wpv+ Wqu+ WqV]
~ = c c C C dx

l
.

x, 4(H 1 +Hz)(h l +hz)

The integrand of (16) then represents the strain energy/unit volume of the basic cell and
hence of the composite body.
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Following Achenbach et al. [7] and Mindlin [12], strains and strain gradients are
defined as

(a) Gross strain:

(i,j = 1,2,3).

(b) Relative deformation:

(i = 2,3; j = 1,2,3).
(17)

(c) Gradient of relative deformation:

(d) Local deformation gradient:

/(kij = l/J ij,k

(k = 1, i = 2,3; j = 1,2,3).

(k = 1, i = 2,3; j = 1,2,3).

where the superscript pu has been dropped from the l/Jij terms for notational simplicity.
The computations indicated in (12H14) and (16) were carried out to calculate the strain
energy/unit volume of the cell, W Using the interface conditions (10) to express Win terms
of the 9 independent displacement functions and subsequently the definitions of (17), the
strain energy per unit volume of the composite may be written as a quadratic form

- 0 0 0
W = Aijkleijekl +Bijk1eijYki + Cijk1YijYkl

+ Dijklmn/(ijkK'mn + EijklmnKijJJ'mn +F ijklmiJijk()lmn

where the non-zero constants are given as

A llll = A 2222 = A 3333 = ~[Gqu1J2~1 +Gq"1J2~2+Gpu1J1~1 +Gpv1J1~2]

A l122 = A 2211 = A l133 = A 3311

= A 2233 = A 3322 = HAqu1J2~ 1 + Aqv1J2~2 +A pu1J 1~ 1 +A pv1J 1~2]

A 1212 = A 2112 = A 1221 = A 2121 = A 1313

= A 1331 = A 3113 = A 3131 = A 2323

(18)

B2222 = Gqu1J1~1 +Gqv1J1~2-Gpu1J1~1 -Gpv1J1~2

B3333 = - Gqu1J2~ 1 + Gqv1J2~ 1 - Gpu1J1 ~ 1 + Gpv1J1 ~ 1

B 1122 = B 3322 = A qu1J 1~ 1 + Aqv1h ~2 - A pu1J 1~ 1 - A pv1J 1¢2

B 1133 = B2233 = - Aqu1J2~ 1 + A qv1J2¢ 1 - A pu1J1 ¢1 + A pv1J 1¢1

B 1221 = B 2121 = B 2323 = B 3223 = /lquf/1~1 +/lqvf/1¢2-/lpuf/1¢1-/lpvf/1¢2

B l331 = B 3131 = B 2332 = B 3232 = -/lqu1J2¢1 +/lqvt12~1-/lpuf/1¢1+/lpvf/1¢1
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C2222 = t[GqU~ 1 + Gqv~2)l7il172 +(GpU~ 1 + G pV~2)17IJ

C3333 = t[(Gqu172 + Gpul7l)~1 + (Gqv172 + Gpvl7lRiI~2J

C3232 = C3131 = ![(.uqu172 + .upul7 I)~ 1 + (.uqv172 + .upvl7d~iI~2J

C2323 = C2121 = ![(.uqU~1 +.uqV~2)l7i!1'f2+(.uPU~1 +.upV~2)17IJ

C2332 = C3223 = t[ -.uqU+.uqV+.uPU-.upvJl7l~1

C2233 = C3322 = t[ -Aqu+Aqv+Apu-ApvJl7l~1

DI21121 = i[(GqU~1 + GqV~2)172h~ +(Gpil + GpV~2)l7lhiJ

DI31131 = i[(Gqu172 + G pul7 IR IHi + (Gqv172 + Gpvl7l)~2HD

D122122 = D123123 = iH.uqu~ 1 + .uqV~2)172h~ + (.upu~ 1 + .upv~ 2)17 1hiJ

DI32132 = DI33133 = iH.uqu172 + .upul7 d~ 1Hi + (.uqv172 + .upvl7 1)~2H~J

EI21121 = t[Gqu~1 +Gqv~2Jh~

EI31131 = t[Gqv172+Gpvl7IJH~

E 132132 = E 133133 = t[.uqv172 + .upvl7 IJH~

EI22122 = EI23123 = t[.uqU~1 +.uqv~2Jh~

FI21121 = i[Gqu~1 + Gqv~2Jh~/172

FI31131 = i[Gqv172+Gpvl7IJHU~2

FI22122 = FI23123 = i[.uqu~1 +.uqv~2Jh~/172

FI32132 = FI33133 = i[.uqv172+.upvl7IJH~g2

Gqu = Aqu + 2.uqu

Gqv = Aqv + 2.uqv

Gpu = Apu +2.upu

Gpv = A. pv + 2.upv-

As in the laminate theory [7J, stresses are defined in terms of derivatives of the strain
energy density.

(a) Cauchy stress:

(i,j = 1,2,3)

(b) Relative stress:

aw
(Jij = ~

uYij

(i = 2,3; j = 1,2,3)



(c) Double stress:
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oW
Xkij = ~e

U kij
(k = 1; i = 2,3; j = 1,2,3) (19)

with these definitions and the quadratic form of (18), the variation of the total strain
energy may be computed. The procedure and results are described in [7].

An expression for the kinetic energy density is obtained in the same manner used to
compute the strain energy density

(20)

(21 )

where

Trs = fH fh Ip U~SU~S dir dis
c 2 rs J J 2 3'

-H -h

Prs is the density of the material of the rs element and u)' = ou)'lot. The resulting expression
for the kinetic energy of the composite is

T- M'o ,0+N '0'0= iPi uj ijkIUi.jUk.1
• • 0 .I.

+ Pijk1t/J ijt/Jkl +QijkIUi.j'P kl

where the non-zero constants are given by

Mil = M 22 = M 33 = [(PqU~1+PqV~2)'12+(Ppu~1+Ppv~2)'ll]/2

N 1212 = N 2222 = N3232 = [Pqu~l +pqv~2]h~/6'12

N 1313 = N 2323 = N 3333 = [Ppv'11+Pqv'12]H~/6~2

P 2121 = P2222 = P2323 = [(Pqu~l +Pqv~2)'1ih~/'12 +(Ppv~2 +Ppu~1)'11hi]/6

P 3131 = P3232 = P3333 = [(Pqu'12+Ppu'11)~lHi+(ppv'11 +Pqv'12)~iH~/~2]/6

Q1221 = Q2222 = Q3223 = -[PqU~l +PqV~2]'11h~/3'12

Q1331 = Q2332 = Q3333 = -[PPv'11 +Pqv'12]~lH~/3~2'

Again, the variation of the total kinetic energy is obtained as in [7].
Following Mindlin [12], the virtual work of the external forces is postulated as

b~ = {(JjbuJ+Fijbt/Ji)dV

+ Is (tjbuJ + ~it/J ij + QPbuJ) dS

+ ~ pjbuJ ds
c

(22)
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where fj, Fij , t j , ~j are components of body forces/unit volume, body double forces/unit
volume, surface forces/unit area and surface double forces/unit area, respectively. Qj and
Pj may be interpreted as linear combinations of surface double force components per unit
area. D is an operator, D = nk[8( )j8xkJ and nk are components of the outward unit normal
to the bounding surface.

Applying Hamilton's Principle then leads to the governing equations of motion and
boundary conditions for the theory.

In V:

r o. 0 + (J 00 0 - Xk 00 k· - 2M °lU,Olj.l lj,l I), 1 J

on S:

on C:

- nlrij + (Jij - Xkij.d - (Drnr)nkniXkij +nkDiXkjj + (Djnk)Xkij

+tj-nk(2NjknpU~.p+Qjkpll;iPl) = 0

- nk(llkij - Xki) + ~j = 0

-ninkXkjj+Qj = 0

(23a)

(23b)

(24a)

(24b)

(24c)

(25)

where Dj = (Jki - njnk)[8( )/8xkJ and erti is the alternator tensor. In (25) the brackets ([ J)
indicate the difference in the enclosed quantity as the bounding curve C is approached from
different sides. For a body with an edge this quantity will, in general, be non-zero. It is
evident that although the stresses, tractions, body forces, etc. of the present theory are
defined differently, the equations of motion and boundary conditions have the same form
as those of the laminate theory [7].

If all four elements are taken to be the same material and the limiting case HI ---> H 2 --->

hI ---> h2 ---> 0 is considered (while '11' '12' ~ 1, ~2 remain bounded), the equations of motion
and boundary conditions return to those of classical linear elasticity. In that limit, the
motion of a point (basic cell) of the body is completely described by the gross displacement

°Uj .

If the qth row elements are taken to be one material and the pth row elements a dif
ferent material, the theory describes a laminated composite. The theory is not the same
as that of [7J, however, and is, in general, less accurate since displacements were approxi
mated in both the X2and X3 directions in the present paper. Only in the limit as HI ---> H 2 --->

owhere ~ 1 and ~2 remain bounded, with

ljJij = 1/11; == 1/17j

l/JtU = l/Jt" = l/J0
and for the case of plane strain in the X3 direction (u~ = l/J23 = l/J33 = 0 and for no depen
dence on the X3 coordinate) are the theories the same.

In [9J, an effective stiffness theory for layered composite cylinders was formulated in
terms of averaged stresses and moments of stresses. That study suggests a method for
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interpreting the stresses and double stresses of the present theory. The elastic strains for
each element may be calculated from (13). The stresses in the rs element may then be
calculated from the generalized Hooke's law

(26)

where ArS'llrs are the Lame constants, c5 ij is the Kronecker delta and aij are the stress
components for the rs element. Average stresses and moments of stresses may then be
defined.

fH fh a~~ dir dis
(j~~ = - H -h IJ 2 3

IJ 4(H 1 + H 2)(h 1 + h2)

fH fh (Jrsir dir diS
-rS _ - H - h IJ 2 2 3m2 ·· -

IJ 4(H 1 +H2 )(h 1 +h2 )

fH fh (Jr~is dir diS
-rs - H - h IJ 3 2 3
m3" =

IJ 4(H 1 +H
2
)(h

1
+h

2
) •

Using the constitutive relations (19), it follows that

_ '11(_qU + -qV) (-pu+ -PV)
(J2j - '12 (J2j (J2j - (J2j (J2j

(27)

(28)

(29)

(30)

_ 1 -qv - v
Xk3j - ~2 (m3kj+m~k)·

The interpretation of the indices of the double stresses as given by Mindlin [12J and
Achenbach et al. [7J, is thus verified.

These relationships also make possible the interpretation of boundary conditions as
averaged forms of Cauchy's law

(31)

where tj, (Jij are classical traction and stress components, respectively, and ni are compo
nents of the outward unit normal to the bounding surface. For example, for a plane per
perpendicular fa the x 1 axis [n = (1,0, O)J, conditions (24a) and (24b) are non-trivial.
From (24b)

(32)
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where Sf,s ( ) = S~ H f~ h ( ) dx; dx~ and (30) has been employed. Comparing (31) and
(32) suggests that

where

T - ( pu + PV) _ 'II ( qu + qV)
2j - m2j m2j '12 m2j m2j (33)

(/ = 2, 3; m = 1,2,3) (34)

(i = 1,2) (35)

fH fh t'!"Sx' dx' dxsm'is, = -H -h J 2 2 3

J 4(H I +H2)(h l +h2)'

These relationships are the same as would be obtained using the smoothing relationship
established in [7]. Similar interpretations may be made for the other boundary conditions.

3. WAVE PROPAGATION PARALLEL TO FIBERS

An extended homogeneous body is non-dispersive. An extended composite body, on
the other hand, is inherently dispersive because of its internal structure. To investigate
this dispersion, we assume travelling waves

u~ = Cm exp [ ~(KXI -ov,t)]

.D~ [i 1
l/Jlm = lfiexp H(Kx l -QV,t)J

where K is the dimensionless wave number, Q the dimensionless frequency, V, the shear
velocity for the puth element (V; = J1 pulPpul, i = vi - 1 and H is a length parameter.

Hi = Hri

and r I' r2, r3 and r4 are dimensionless ratios. Substituting (34) into (23) results in four
sets of coupled algebraic equations in the amplitudes Cm and Dim' The necessary and suffi
cient condition for a nontrivial solution of each set of equations is that the determinant of
coefficients vanish identically.

The first set of equations describes longitudinal modes of motion consisting ofa uniform
translation of an element cross section in the x 1 direction, coupled with lateral expansions
(contractions) of the section. The frequency determinant is given by

where

2(B
1
Q2_A IK 2)

A I4K

AlsK

-A I4K

2(A 31 K 2+A g - B4 Q2)

-AlsK

A I3

2(A ll +A33K2_Bs02)

=0 (36)

A 1J1 pu = A IIII

A gJ1 pu = C2222

A II J1 pu = C3333

A l3J1 pu = 2C2233

A31J1puH2 = D122122-E122122+FI22122

A33J1puH2 = DI33133 -E133133 +F133133

BIPpu=M II

B4PpuH2 = P2222
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A 141lp u = -B1122

A 1SIl pu = -B1133

Numerical results obtained by expanding (36) are presented in Fig. 4.

1401

.0.
4

3

J-Lf IJ-Lm =5.0
pflpm =3.0
vf = vm = 1/3

'I =I '2 =5
'3=4 '4=1

K

(37)

FIG. 4. Frequency spectrum for longitudinal motion.

The second and third sets of equations describe flexural motion consisting of a uniform
lateral translation of a section coupled with a rotation about the local axis. For flexure
about the X3 axis, the frequency equation is

1

2(BIQ2_A24K2) -A37K I

=0
A 37 K 2(A30+A10K2_B4Q2)

where

A 241lpu = A 1212

A371lp u = -B1221

A 30ll pu = C2323

A lOIlpu
H2 = D121121 -£121121 +F121121'

Numerical results for flexure are given in Fig. 5.
The fourth set of equations describes torsional motion of an element. The frequency

equation is

where

I
A34

2(A 30 + A 31 K 2 - B4Q2)
(38)

Dispersion results for torsional motion are presented in Fig. 6.
In Figs. 4-6, a cross sectional view of a typical basic cell is depicted in the legend. The

quth element was taken as the fiber element, while the remaining three elements were
assigned the properties of the matrix. Frequency values corresponding to real values of
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jK

FIG. 5. Frequency spectra for flexural motion.
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FIG. 6. Frequency spectra for torsional motion.

the wave number (K axis) lie to the right of the origin, while imaginary values of wave
number UK axis) lie to the left. The shear moduli, mass densities, and Poisson's ratios of
the fiber and matrix are designated by Ilf' Pf' vf and 11m' Pm' Vm' respectively.

Symmetry considerations dictate that the motion in all basic cells of an extended,
periodic, filamentary composite is the same. Hence, it may be anticipated that the frequency
spectra resulting from the expansion of (36}-(38) should resemble the corresponding
spectra for traction free bars, especially when the fiber element is much stiffer than the
surrounding matrix.

Typical results for longitudinal motion (Fig. 4), are dispersive and strongly resemble
those for rectangular bars [13]. Calculations were carried out for several values of the
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stiffness ratio (JlflJlm), Poisson's ratio (vf) and for several element geometries. Larger
stiffness ratios resulted in increased dispersion. Results were also affected by changes in
geometry, depending not only on the amount of fiber present, but also on the precise
geometric configuration. The dispersion curves showed little sensitivity to changes in
Poisson's ratio.

Frequency spectra for flexural motion generally show the same sensitivity to material
and geometric parameters described above. Typical results for two values of the stiffness
ratio, JlflJlm, are depicted in Fig. 5. The dispersive character of the lower branch increases
as the stiffness ratio is increased. In the limiting case (JlflJlm -+ 00), the slope of the lower
branch approaches zero at vanishing wave number and looping between the first and
second branches in the imaginary plane occurs. In this limit, the behavior strongly re
sembles that of bar theories [14].

Results for torsional motion for two values of the stiffness ratio, JlflJlm' are given in
Fig. 6. As in the case of flexural motion, the dispersion curves for torsion more closely
resemble results for free bars [15] when the ratio of stiffness is increased. The behavior for
variations of the other material and geometric parameters is the same as described for
longitudinal motion.

4. WAVE PROPAGATION PERPENDICULAR TO FIBERS

The propagation of waves perpendicular to the fiber orientation may be studied by
assuming displacements of the form

(uJ,I/l'ij) = (Aj,B~j)exP[~(KX3-nv.t)1 (39)

The equations of motion again separate into four sets of coupled equations, three of which
are dispersive. The nondispersive motion is that associated with the 1/121 displacement
function. For that mode, the cross section of each element rotates about an axis parallel
to the direction of propagation.

.0.
31-- --1

2

I-'-f/l-'-m =20.0
Pf 1 Pm = 3.0
Vf =1/4 vm =1/3

'I =2 '2 =3
'3=2 '4=1

2 3 K
FIG. 7. Frequency spectrum for wave propagation perpendicular to fibers.
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Numerical results were obtained for the set of equations which describe a uniform
translation ofan element section in the X3 direction coupled with thickness stretch motions.
The resulting dispersion relationship is shown in Fig. 7. There are substantial differences
between this spectrum and those shown earlier. Stopping bands characteristics of waves
in periodic media [16] are evident. In addition, all branches rapidly approach zero group
velocity asymptotically. However, since the theory, by its very construction, was designed
to describe motion parallel to the fiber, these results should be regarded as valid over a
limited range of wave numbers.

5. SUMMARY AND CONCLUSIONS

In the present paper, a first order theory for wave propagation in a unidirectional,
filamentary composite was developed. It was demonstrated that the theory predicts
dispersion of elastic waves propagating parallel to the fiber orientation and that the
frequency spectra for these motions resemble results obtained from bar theories. For the
case investigated, wave motion perpendicular to the fiber orientation was also dispersive
and exhibited stopping bands typical of periodic media.

As in the laminate theory upon which the present study was based, it is anticipated
that the addition of adjustment factors in the strain energy should improve these results.
It may also be desirable to include higher order terms in the displacement expansions (1).
Results for both the laminate theory and for bar theories indicate that this may be the case.
Such judgements await sufficient experimental data since no exact elasticity solutions
exist for comparison purposes. The uncorrected theory presented herein should serve as a.
foundation upon which a more accurateand complete theory may be built.
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A6cTpaKT-OnpeAeJ1l1eTCll npl16nl1lKeHHall TeOpl111 nepsoro nopllAKa .lim! pacnpocrpaHeHI111 YJlpyroii
BOJIHbl B oAHOHanpaBJIeHHblX, HHTeo6pa3Hblx, COCTaBHblX MaTepHanax. Y'II1TblBaIOTcll ypaBHeHHll ABlllK
eHHll .ll.nll HanplllKeHHli:, rpaHH'IHble ycnoBHll H KOHCTHTyTHBHble 3aBHCHMOCTH. )J.JIli BOJIH, pacnpOCT
paHlllOll.\IlXCll napaJIJIeJlbHO K HanpaBJleHHIO BonOKHa B pacTllrHBalOll.\eA cpeJle, ABHlKeHHe OKa3bIBaeTCll
Tpex pa3HbiX TllnOB: npOAOJIbHOe, 1l3rll6HOe Il KpyTHJlbHoe. Bce ABlllKeHllll llBJIlllOTCll C paccellHHeM 11
'1YBCTBHTenbHble K 3MeHaM lKeCTKOCTH H reOMeTpll1l OTHOCIlTeJlbHOrO MaTep"aJla. )J.Jlll pacnpocTpaHeHllll
nepneH.ll.HKyJIllpHOrO K HanpaBneHHIO BonOKHa, .ll.BHiKeHHe eCTb CpaccellHHeM. CneKTpbl 'laCTOTbl YKa3blBalOT
nonOCbl OCTaHOBKH, Tllnl1'1Hble .ll.nll nepHO.ll.H'leCKHX cpe)}.


